A practical entanglement classification scheme for pure state in form of 2 × L × M × N under the stochastic local operation and classical communication (SLOCC) is presented, where every inequivalent class of the entangled quantum state may be sorted out according to its standard form and the corresponding transformation matrix, which provides a practical method for determining the interconvertible matrix between two SLOCC equivalent entangled states. Classification examples for the 2 × 4 × M × N system are presented.
Introduction
Quantum theory stands as a unique pillar of physics. One of the essential aspects providing quantum technologies an advantage over classical methods is quantum entanglement.
Quantum entanglement has practical applications in such quantum information processing as quantum teleportation [1] , quantum cryptography [2] , and dense coding [3, 4] . Based on the various functions in carrying out quantum information tasks, entanglement is classified.
If two quantum states are interconverted via stochastic local operation and classical communication (SLOCC), they belong to the same class, are able to carry out the same quantum information task [5] . Mathematically, this is expressed such that the two quantum states in one SLOCC class are connected by an invertible local operator. The operator formalism of the entanglement equivalence problem is therefore the foundation of the qualitative and quantitative characterization of quantum entanglement.
Although the entanglement classification is a well-defined physical problem, generally it is mathematically difficult, especially with the partite and dimension of the Hilbert space growing. Unlike entanglement classification under local unitary operators [6] , the full classification under SLOCC for general entangled states has solely been obtained for up to four qubits [5, 7] . In high dimensional and less partite cases, matrix decomposition turns out to be an effective tool for entanglement classification under the SLOCC, e.g. the classification of the 2 × M × N system was completed [8, 9, 10] and the entanglement classes of the L × N × N system have found to be tractable [11] . Although an inductive method was introduced in [12, 13] to process entangled states that incorporate more particles, its complexity substantially increased with increasing number of particles. By using the rank coefficient matrices (RCM) technique [14] , the arbitrary dimensional multipartite entangled states have been partitioned into discrete entanglement families [15, 16] . As the multipartite entanglement classes generally contain continuous parameters which grow exponentially as the partite increases [5] , such discrete families represent a coarse grained discrimination over the multipartite entanglement classes. Two SLOCC inequivalent quantum states were indistinguishable when falling into the same discrete family. Therefore, a general scheme that is able to completely identify the different entanglement classes and determine the transformation matrices connecting two equivalent states under SLOCC for arbitrary dimensional four-partite states remains a significant unachieved challenge. This paper presents a general classification scheme for the four-partite 2 × L × M × N pure system, where the entangled states are sorted into different entanglement classes under SLOCC by utilizing the tripartite entanglement classification [8, 9, 10] and the matrix realignment technique [17, 18] . In Sec. 2, the quantum states are expressed in the matrix- 
where γ ilmn ∈ C are complex numbers. In this form, the quantum state may be represented by a high dimensional complex tensor ψ whose elements are γ ilmn . Two such quantum states ψ ′ and ψ are said to be SLOCC equivalent if [5] 
Here 
where γ ′ i ′ l ′ m ′ n ′ are the tensor elements of ψ ′ , and A (k) ij are the matrix elements of the invertible operators A (k) , k ∈ {1, 2, 3, 4}.
As a tensor, the quantum state ψ may also be represented in the form of a matrix-pair
Here Γ i ∈ C L×M N , i.e. complex matrices of L columns and MN rows. For the sake of convenience, here we assume L < MN for Γ i ∈ C L×M N ; while for L ≥ MN case, a 2 × M × N × L system state is represented as the matrix-pair form of Γ i ∈ C M N ×L . This ensures the matrix columns being always more than or equal to rows.
In this matrix-pair representation, the SLOCC equivalence of two states ψ ′ and ψ in Eq.(2) transforms into the following form
where
, T stands for matrix transposition, A (1) acts on the two matrices Γ 1,2 , and P and Q act on the rows and columns of the Γ 1,2 matrices. The SLOCC equivalence of two 2×L×M ×N quantum states in Eq.(5) has a similar form to the tripartite 2 × L × MN pure state case in [9] . The sole difference being that Q is not only an invertible operator but also a direct product of two invertible matrices, A (3) and A (4) .
Standard form of a
The entanglement classification of the tripartite state 2 × L × MN under SLOCC has already been completed in [8, 9] . Two tripartite entangled states are equivalent if and only if their standard forms coincide. We define such standard form of 2 × L × MN to be the standard form of the matrix-pair of a 2 × L × M × N system, i.e.
Here T ∈ C 2×2 , P ∈ C L×L , Q ∈ C M N ×M N are all invertible matrices, and E is the unit matrix, J is in Jordan canonical form (we refer to [9] for the general case of the standard form). The Jordan canonical form J has a typical expression of
wherein λ i ∈ C, J n i (λ i ) are n i × n i Jordan blocks
For the 2 × L × M × N quantum state ψ in the form of Eq.(4), the following proposition exists:
corresponding matrix-pairs have the same standard forms under the invertible operators T ∈
Proof: Suppose that two quantum states of 2 × L × M × N, ψ and ψ ′ are represented in the matrix-pairs
The standard form of ψ under the the invertible operators of
If ψ ′ is the SLOCC equivalent of ψ, then there exists the invertible matrices A (i) , such that
The matrix-pair form of ψ ′ could also be transformed into E J via invertible matrices,
Q.E.D.
This proposition serves as a necessary condition for the SLOCC equivalence of the en- 
The transformation matrices to the standard form
The standard forms of the tripartite 2 × L × MN system have been regarded as the standard forms of a corresponding 2×L×M ×N system, or more accurately, the entanglement families of a 2 × L × M × N system, each of which may consist of many entanglement classes under SLOCC. In addition, the transforming matrices T , P , Q for the standard form in Eq. (6) were also obtained.
Generally the transformation matrices for the standard form are not unique. For example, if T 0 , P 0 , Q 0 in Eq.(10) are the matrices that transform ψ into its standard form, then the following matrices will do likewise
The commutative relation implies that if all the λ i in the Jordan form J of Eq.(7) have geometric multiplicity 1, then S may be expressed as S = ⊕S n i , where S n i is the n i × n i upper triangular Toeplitz matrix
For the general case of the geometric multiplicity of λ i , we refer to [11] and the references therein. There may also be an invertible operation S 1 ∈ C 2×2 which acts on the first particle and leave the ranks of the pair of matrices invariant. This operation could be compensated by the operations on the second and third particles which leave the standard form invariant
Here the parameters in matrices S 2 ∈ C L×L , S 3 ∈ C M N ×M N solely depend on that of S 1 , as shown in the proof of the two theorems in [8] .
Combining Eqs. (13) and (15), the matrices that keep the tripartite standard forms invariant are
Hence, the transformation matrices which connect the two quantum states ψ and ψ ′ , which have the same standard form of matrix-pair, could generally be written as
where 
The matrix realignment method
To complete the entanglement classification the matrix realignment technique is introduced. With each matrix A ∈ C m×n , the matrix vectorization is defined to be [19] 
If the dimensions of A have m = m 1 m 2 , n = n 1 n 2 , then it is expressed in the following block-form Here A ij are m 2 × n 2 submatrices. The realignment of the matrix A ∈ C m 1 m 2 ×n 1 n 2 according to the blocks A ij ∈ C m 2 ×n 2 is defined to be
where R(A) ∈ C m 1 n 1 ×m 2 n 2 . It has been proved that there exists a Kronecker Product singular value decomposition (KPSVD) of a matrix A ∈ C m×n with the integer factorizations m = m 1 m 2 and n = n 1 n 2 , which tells [17] : This technique has been applied for recognizing bipartite entanglement [20] and determining the local unitary equivalence of two quantum states [18, 21] . From Lemma 2 the following Lemma is obtained: Proof: According to Lemma 2, if the matrix realignment of A with respect to factorization
From the properties of the Kronecker product, as A is invertible it implies that both U 1 and V 1 are invertible. If A = U ⊗ V where U ∈ C M ×M , V ∈ C N ×N , then it is clear that the matrix realignment of A ∈ C m×n with respect to the factorization m = n = MN has rank 1. 
The complete classification of a
then they have the same standard form in the matrix-pair form according to Proposition 1.
Through this standard form, there is another connecting route between ψ and ψ ′ in addition to Eq. (20), i.e.
Combining Eq. (20) and Eq.(21) yields
As the unit matrices E ⊗ E ⊗ E must be one of the operators which stabilizes the quantum state ψ in the matrix-pair form, Q T has the solution of Q T = A (3) ⊗ A (4) . Thus R(Q) has rank one according to Lemma 3.
If the two quantum states have the same standard forms, then we will have Eq. (17) . If the matrix realignment R(Q) according to the factorization MN = M × N has rank one, then Q may be decomposed as Q = Q 1 ⊗ Q 2 where Q 1 ∈ C M ×M , Q 2 ∈ C N ×N . As matrix Q is invertible if and only if both Q 1 and Q 2 are invertible, thus 3 Examples of 2 × L × M × N
The total number of genuine entanglement families
A necessary condition for the genuine entanglement of a 2 × L × M × N system is that all dimensions of the four particles shall be involved in the entanglement. This requires
where without loss of generality we assume the largest value of the dimensions to be L.
For example, a particle with dimension 25 in a 2 × 3 × 4 × 25 system would always have one effective dimension unentangled and it would have at most the genuine entanglement of 2 × 3 × 4 × 24. For L = 4, i.e. where the largest value of the dimensions is four, the entangled systems which satisfy Eq.(24) include
In the construction of the standard forms (entanglement families) of 2 × L × M × N, only the operator Q ∈ C M N ×M N acts on the bipartite Hilbert spaces. As the standard forms
give the genuine entanglement of a 2 × L × MN system [9] , genuine entanglement families of a 2 × L × M × N system are obtained if all the dimensions of M and N appear in the standard forms. Therefore the total number of such families is calculated to be
Here N f (2LMN) stands for the number genuine entanglement families of a 2 × L × M × N system obtained from our method.
For the sake of comparison, we first list all of the entanglement families for a 2 × 2 × 2 × 2 system resulting from our method. The N f (2222) = 5 families includes: Two families from 2 × 2 × 2 (GHZ and W)
and one family from 2 × 2 × 4
Following are examples of systems of 2
see discussions after Eq. (4)) and 2 × 4 × 3 × 2.
Examples of
The genuine entangled families of 2 × 2 × 2 × 4 quantum states are listed as follows. One family comes from the 2 × 2 × 4 system
Five families come from 2 × 3 × 4 system
The other 16 families come from the standard forms of a 2 × 4 × 4 system. There are totally 22 inequivalent families for the genuine 2 × 2 × 2 × 4 entangled classes according to the present method, while 15 distinct genuine entanglement families have been identified in [15] .
Among the 16 families from the standard forms of 2 × 4 × 4, we present the following
where ∀i = j, λ j = λ j and λ i,j = 0, 1. According to the RCM method [15] , this state would be regarded as one single family F According to the method presented here, the matrix-pair form of the state |ψ is 
It has already been the standard form of a 2 × 4 × 4 system. From [10] , we have the following two facts concerning this standard form. First, the operations of
will transform the state into 
The continuous parameter 
where P G,F are just the P operators that bring about the symmetry operations G, F in 
In order to show the generalities of the method, we generate a random quantum state for a 2 × 4 × 3 × 2 system (using built-in function RandomInteger In the quantum state notation, it is
The rank of Γ 1 is 4, and the following operations 
The matrix-pair Λ B is the standard form for the randomly generated state ψ. It is invariant under the following operations
The operations that stated in Eq. (13) 
where a ij ∈ C are arbitrary parameters which keep S, S ′ invertible. The transformation matrices (T 0 , P 0 , Q 0 ), and (S 1 , SS 2 , S 3 S ′ ) are thus readily obtained from the construction of the standard form. We refer to [9] for the details of the construction of the standard form of a tripartite state with one qubit.
Suppose another quantum state ψ ′ of 2 × 4 × 3 × 2 has the same standard form as that of ψ in Eq.(40). We would obtain the corresponding transformation matrices T 
